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Abstract
The split octonionic form of Dirac and Maxwell equations are found. In contrast
with the previous attempts these equations are derived from the octonionic analyticity
condition and also we use different basis of the 8-dimensional space of split octonions.
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1 Introduction
Octonions, as they form the widest normed division algebras after real numbers, complex
numbers and quaternions [1–3], are interesting mathematical objects for physical applica-
tions [4]. In this paper our purpose is to rewrite Dirac and Maxwell equations in vacuum
using split octonions. Octonions are 8-dimensional number and that’s why instead of system
of equations, Dirac, as well as Maxwell equation, each will be represented with only one
equation. This will simplify applying mathematical operations and may lead to new physical
results.
2 Octonionic geometry
Algebra of the eight basis elements of split-octonions, we use in this paper, is similar as it
was derived in [5, 6]:
J2n = 1 , j
2
n = −1 , I
2 = 1 ,
jn =
1
2
εnmkJ
mJk , I = J1j1 = J2j2 = J3j3 ,
JnJm = εnmkj
k = −JmJn , jnjm = εnmkj
k = −jmjn , jmJn = εnmkJ
k = −Jnjm , (1)
JnI = jn = −IJn , jnI = Jn = −Ijn ,
J†n = −Jn , j
†
n =
1
2
εnmkJ
k†Jm† = −jn , I
† = J†
3
J
†
2
J
†
1
= −I .
1
where n,m,k = 1,2,3 and εnmk is the totally antisymmetric unit tensor.
We assume that world-lines of particles can be parameterized using the split octonion
elements [5, 6],
s = ω + λnJn + x
njn + tI , (n = 1, 2, 3) (2)
where xnjn = δnmx
njm and δnm is Kronecker’s delta. Here t and xn denote ordinary space-
time coordinates and ω and λn are interpreted as classical action and wavelength associated
with octonionic signals [5, 6]. Using the algebra (1) conjugation of (2) will give:
s† = ω − λnJ
n − xnj
n − tI . (3)
Thus the norm of (2), space-time interval, has the form:
N2 = ss† = s†s = ω2 − λ2 + x2 − t2 . (4)
It represents the 8-dimensional space-time with (4+4) signature and reduces to ordinary
Minkowski space if ω2 − λ2 = 0. As for classical case we demand (4) to be non-negative and
also for physical events vector-like part of (2) to be time-like, i.e. t2 + λnλ
n > xnx
n [6].
The norm (4) can be viewed as some kind of space-time interval with three extra time-
like dimensions. The ordinary time parameter, t, corresponds to the distinguished octonionic
basis unit, I, while the other three time-like parameters, λn, have a natural interpretation as
wavelengths, i.e. do not relate to time as conventionally understood. Within this picture, in
front of time-like coordinates in the expression of pseudo-Euclidean octonionic intervals there
naturally appear two fundamental physical parameters, the light speed and Planck’s constant.
Then from the requirement of positive definiteness of norms, together with the introduction
of the maximal velocity, there follow conditions which are equivalent to uncertainty relations
[5, 6]. Also it is known that a unique physical system in multi-time formalism generates
a large variety of ’shadows’ (different dynamical systems) in (3+1)-subspace [7]. One can
speculate that information of multi-dimensional structures, which is retained by these images
of the initial system, might takes the form of hidden symmetries in the octonionic particle
Lagrangians [6].
Split algebras contain special elements with zero norms (zero divisors) [1], which are
important structures in physical applications [8]. For the coordinate function (2) we can
define the deferential zero divisor,
d
ds
=
1
2
[
d
dω
+ Jn
d
dλn
+ jn
d
dxn
+ I
d
dt
]
, (5)
such that its action upon s is:
ds
ds
= 1 . (6)
The operator (5) annihilates s†, while the conjugated derivative operator,
d
ds†
=
1
2
[
d
dω
− Jn
d
dλn
− jn
d
dxn
− I
d
dt
]
, (7)
is zero divisor for s, i.e.
ds†
ds
=
ds
ds†
= 0 . (8)
2
From these relations it is clear that the interval (4) is a constant function for the restricted
left octonionic gradient operators,
d
dsL
(
s†s
)
=
(
ds†
ds
)
s = 0 ,
d
ds
†
L
(
ss†
)
=
(
ds
ds†
)
s† = 0 , (9)
and the invariance of the intervals,
ds2 = dsds† = ds†ds , (10)
in the space of split octonions can be viewed as an algebraic property.
The octonionic particle wavefunctions Ψ, in general, should depend on s and on s† as
well. Thus we need the condition of analyticity of functions of split octonionic variables,
dΨ(s, s†)
ds†
= 0 , (11)
which is similar to the Cauchy-Riemann equations from complex analysis.
Now let us show that the system of eight real-valued algebraic conditions (11), in certain
cases [9], lead to the octonionic Maxwell and Dirac equations [10, 11].
3 The Dirac equation
Let us consider the Dirac equation,
(iγν∂ν −m) Ψ = 0 , (12)
using the standard representation for the gamma-matrices,
γ0 =
(
1 0
0 −1
)
, γi =
(
0 σi
−σi 0
)
, (13)
where σi are Pauli matrices and 1 denotes the unit 2×2 matrix. The 4-dimensional complex
spinor in (12) can be written in the form [10]:
Ψ =


−y0 + il3
l2 − il1
y3 + il0
y1 + iy2

 , (14)
where eight scalar functions yν and lν (ν = 0, 1, 2, 3) are written without any explanation of
their nature. Then introducing the notations,
Lνµ = ∂ν lµ − ∂µlν , (ν, µ = 0, 1, 2, 3)
Yνµ = ∂νyµ − ∂µyν , (15)
3
from (12) and (14) we can get the set of eight real-valued differential equations:
L30 + Y12 = −ml3 , − ∂
νyν = −my0 ,
L02 + Y13 = ml2 , L10 + Y23 = −ml1 ,
L21 + Y30 = −my3 , − ∂
ν lν = −ml0 , (16)
L32 + Y10 = −my1 , L13 + Y20 = −my2 ,
where we use the Minkowski metric with the signature (+−−−) for summing.
Now we want to show that the system (16) is equivalent to the octonionic Cauchy-Riemann
condition (11). As in (14) we use the eight real functions yν and lν to define the octonionic
wave function,
Ψ = l0 + yij
i + liJ
i + y0I . (i = 1, 2, 3) (17)
For simplicity we suppose that yν and lν are independent of the three octonionic coordinates
λi. Then the condition of octonion analyticity (11) takes the form:
dΨ
ds†
= (∂ω −∇) Ψ = 0 , (18)
where we introduced the analog of 4-dimensional d’Alembertian,
∇ = (∂t + J
n∂n) I . (19)
We also suppose that yν and lν depend on ω only via the factor emω. Then using the algebra
of the octonionic basis elements (1), and the notation (15), we get:
emω
[
(∂ν lν −ml0) +
(
Li0 + ǫijkYjk −ml
i
)
Ji +
+
(
Y i0 − ǫijkLjk −my
i
)
ji + (∂
νyν −my0) I
]
= 0 , (20)
where ν = 0, 1, 2, 3 and i, j, k = 1, 2, 3 . Equating to zero coefficients in front of octonionic
basis units in (20) we have a system of eight equations, which resembles to (16).
4 The Maxwell equations
Similar to [11], but using different basis (2), we define the octonionic electromagnetic potential
as:
A = b+ JnB
n + jnA
n + Iϕ , (n = 1, 2, 3) (21)
where ϕ and An are the components of the ordinary Maxwell’s electromagnetic 4-vector.
Appearance of the terms b and Bn in (21) is related with existence of the extra degrees of
freedom in the octonionic algebra, but here we don’t want to specify their physical meaning,
we just want to derive the Maxwell classical equations in some approximation.
As our aim is to derive classical equations, we can ignore derivatives of the octonionic
vector-potential (21) by the four coordinates, ω and λn, of the split octonion 8-space (2) and
use the 4-dimensional d’Alembertian (19) to write the electro-magnetic field:
F = ∇A = Jn(E
n − Ĥn) + jn(Ê
n −Hn) , (22)
4
where,
Ên = ∂nb− ∂tB
n , Ĥn = ǫnmk∂mBk ,
En = ∂nϕ− ∂tA
n , Hn = ǫnmk∂mAk . (23)
Also postulated the Lorenz gauge,
∂tb− ∂nB
n = ∂tϕ− ∂nA
n = 0 . (24)
Then the conditions of analyticity (11) gives:
∇F = ∂n
(
−Ên +Hn
)
+ Jn
[
∂t
(
−Ên +Hn
)
+ ǫnmk∂m
(
−Ek + Ĥk
)]
+
+jn
[
∂t
(
−En + Ĥn
)
+ ǫnmk∂m
(
Êk −Hk
)]
+ I∂n
(
−En + Ĥn
)
= 0 . (25)
If we assume that b and B are constants, or small
|b|, |Bn| ≪ |ϕ|, |An| , (26)
and neglect Ên and Ĥn, we get
∂nH
n + Jn
(
∂tH
n − ǫnmk∂mEk
)
− jn
(
∂tE
n + ǫnmk∂mHk
)
− I∂nE
n = 0 . (27)
Equating to zero coefficients in front of the octonionic basis units in (27) results the full set
of the ordinary homogeneous Maxwell equations.
5 Conclusion
In this paper the split octonionic form of Dirac and Maxwell equations are found. Unlike to
previous similar attempts we derived these equations from the octonionic analyticity condi-
tion, which is similar to the Cauchy-Riemann equations in complex analysis. Another novelty
is that we use different basis of the 8-dimensional space of split octonions.
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